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ABSTRACT 

Hxprei.sions  for  the  electric  and  magnetic  fields  produced  by  a  buried 
horizontal  line  source  are  derived  for  the  special  case  of  the  quasi- static 
range  in  which  the  measurement  distance  is  much  less  than  an  earth  skin 
depth,  it  is  shown  that  the  resulting  expressions  are  nearly  identical  to 
those  produced  by  an  elevated  horizontal  line  source. 
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THE  ELECTRIC  AND  MAGNETIC  FIELDS 
NEAR  A  BURIED  LONG  HORIZONTAL  LINE  SOURCE 


INTRODUCTION 

The  fields  of  a  horizontal  line  source  located  near  the  surface  of  a  plane, 
conducting,  homogeneous  earth  have  been  considered  by  Carson, *  Price,2 
Wait,2”6  von  Aulock, ?  Vanyan,9  Sunde,9  and  Bannister,  10-12  among  others. 
These  fields  are  utilized  in  the  induction  methods  of  geophysical  prospecting 
that  are  discussed  in  considerable  detail  by  Keller  and  Frischknecht1^  and 
V  any  an. 9  They  are  also  used  in  determining  the  coupling  between  power  lines 
and  nearby  antennas. 

It  is  the  purpose  of  this  report  to  derive  expressions  for  the  magnetic  and 
electric  field  components  produced  by  a  horizontal  line  source  for  a  special  por¬ 
tion  of  the  quasi -static  range,  where  the  measurement  distance  is  not  only  much 
less  than  a  free-space  wavelength  but  is  also  much  less  than  an  earth  skin  depth. 

Choosing  a  rectangular  coordinate  system  (x,y,z)  ,  we  find  the  ground  is 
defined  by  the  space  z  <  0  .  The  wire,  located  at  height  (or  depth)  z  =  h.,  is 
parallel  to  the  x  axis.  For  frequencies  less  than  30  kHz  and  for  measurement 
distances  much  less  than  a  free-space  wavelength  (X^),  the  displacement 
currents  in  the  air  and  in  the  ground  may  be  neglected. 

Three  specific  cases  of  antenna  configuration  are  examined.  In  case  A, 
both  the  horizontal  line  source  and  the  receiving  antennas  are  elevated;  in  case  B, 
botn  antennas  are  buried;  and  in  case  C,  the  horizontal  line  source  is  buried  and 
the  receiving  antennas  are  elevated. 


DERIVATION  OF  THE  MAGNETIC  FIELD  COMPONENTS 
CASE  A  -  BOTH  ANTENNAS  ABOVE  GROUND 


For  case  A,  where  both  antennas  are  above  ground  (which  has  been  con¬ 
sidered  previously  by  Bannister^-9),  when  there  is  a  uniform  current  I  in  the 
wire  of  radius  a  ,  the  electric  field  has  only  an  x  component,  which  is  given 
by  (Carson,  ~  Wait2>  6) 
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where 


p  =  2  j  — — cos  MX  =  P+  +  P 


-P 


-X(z+h±iy) 
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y  « (iuM*)1/2  , 
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ln  =  y  +  (h-  z)  (see  Fig.  1),  and 
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=  y  +  (b*z) 


Fig.  1.  Both  Antennas  Above  Ground 


Since  Hy  ^  "  (1/iw/x)  (^E^/^2)  and  Hz  =  (1/iwM)  (dEx/dy)  , 
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When  Ri  is  much  less  than  an  earth  skin  depth  i(^2/W<r  X  it  is  per¬ 
missible  to  let  u  equal  A  in  the  exact  integral  expressions.  Therefore, 
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From  Erdelyi14 
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CASE  B  -  BOTH  ANTENNAS  BURIED 

For  case  B,  where  both  antennas  are  buried,  when  h  >  izi  >  0  (see 
Fig.  2) 


In  the  above  equation, 

Rq  -  y2  +  (h+z)2  =  y2  +  (h—  izi)2 

and 

2  2  2  2  2 
R^  =  y  +  (h-z)  =  y  +  (h+  izi )  . 
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From  Eqs .  (8)  and  (14) 


When  h  -  0  , 


Eqs.  (13)  and  (15)  reduce  to  von  Aulock's  results. 
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Again,  when  the  same  procedure  used  in  case  A  is  followed, 
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From  Eqs.  (7)  and  (17) 
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From  Eqs.  (8)  and  (19) 
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DERIVATION  OF  THE  ELECTRIC  FIELD  COMPONENTS 

CASE  A  -  BOTH  ANTENNAS  ABOVE  GROUND 

The  electric  field  component  for  case  A,  where  both  antennas  are  above 
ground  (see  Fig.  1),  may  be  expressed  as 


E 
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In  the  above  equation 
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cos 
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If  we  let  u  =  X  in  Eq.  (2),  the  integral  diverges.  Therefore,  we  must  solve 
the  integral  as  it  stands  and  then  let  |  7  RjJ  become  small. 


From  Bannister 
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P  TT7 ' T77 [Hi#,+)  '  yiM  +  W-  [Hiw  ‘  yiH  >(2l) 

v  ¥>+)  (p-)  +  J 

where 

/3±  =  7  (z+h±iy)  , 

H^O)  is  the  Struve  function  of  order  one,  and 

Y^)  is  the  Bessel  function  of  the  second  kind  of  order  one. 
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/  14 

From  Erdelyi 
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where  K^Ri)  is  the  modified  Bessell  function  of  the  second  kind  and  order 
one.  Therefore, 

■i  “Tj  1  -  2S^  W  •  <30> 

where  K0(7R^)  is  the  modified  Bessel  function  of  the  second  kind  and  order 
zero. 


When  7R:  «  1 , 
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where  A  =  1.7811. 


Since  i*  (l/A)  +  1/2  =  -  0.5773  +  1/2  =  -  0.0773  w  0, 
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From  Eqs.  (24),  (27),  and  (32) 
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and  from  Eqs.  (11)  and  (3.3) 
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When  h  =  0, 


Eq.  (34)  reduces  to  von  Aulock's  result. 
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(34) 


CASE  C  -  LINE  SOURCE  BURIED,  RECEIVING  ANTENNA  ELEVATED 

The  electric  field  component  for  case  C,  where  the  line  source  is  buried 
and  the  receiving  antenna  is  elevated  (see  Fig.  3);  may  be  expressed  as 
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Inserting  Eq.  (35)  into  Eq.  (16)  yields 
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From  Eqs.  (8),  (22),  and  (26) 
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Inserting  Eq.  (38)  into  Sq.  (16)  results  in 
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When 
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From  Eq.  (8) 
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When  the  magnetic  field  components  were  derived  for  case  C  (Eqs.  (18) 
and  (20)),  the  restriction  h>z  or  z>h  was  not  required.  However,  the 
electric  field  component  formulas  seem  to  require  these  restrictions.  The 
formula  for  the  electric  field  component  is 

00 

r  -(uh+Xz) 
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If  we  let  u  =  A  in  just  the  exponential  term  exp  (-uh),  Eq.  (16)  reduces  to 
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From  Eqs.  (21)  and  (44) 
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Note  that  Eq.  (45)  does  not  require  the  restriction  1 7Rj|  «  1.  The  only  re¬ 
striction  on  this  equation  is  that  |7h|  must  be  «  1.  If  j7R1|«  1,  Eq.  (45) 
reduces  to 
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The  approach  used  in  deriving  Eq.  (46)  may  not  be  fully  justified.  How¬ 
ever,  the  correct  magnetic  field  component  equations  (Eqs.  (18)  and  (20) )  may 
be  obtained  by  differentiating  Eq..  (46).  Furthermore,  when  h  >  z,  Eq.  (46) 
reduces  to  Eq.  (43)  and  when  z  >  h,  Eq.  (46)  reduces  to  Eq.  (37).  Therefore, 
it  appears  that  Eq.  (46)  is  valid  to  at  least  a  first-order  approximation. 


SUMMARY 

The  electric  and  magnetic  field  components  produced  by  a  long  horizontal 
line  source  have  been  derived  for  the  special  case  of  the  quasi-static  range  in 
which  the  measurement  distance  is  much  less  than  an  earth  skin  depth. 

When  both  the  line  source  and  the  receiving  antennas  are  elevated 
(Bannister  1°), 
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where 


2  2.2 
R1  =  y  +  (h+z)  . 

From  the  equations  in  this  summary,  it  is  noted  that  the  field  component 
expressions  are  essentially  identical  for  the  three  cases  considered.  Jn  fact, 
the  magnetic  field  equations  are  consistent  with  the  elementary  results  obtained 
from  Ampere's  law.  The  results  may  be  explained  by  the  fact  that  for  measure¬ 
ment  distances  very  close  to  the  line  source  (R^  «  6),  the  primary  field  is 
dominant.  The  air-earth  interface  has  a  negligible  effect  to  a  first-order  ap¬ 
proximation. 
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